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Abstract
We propose an implicit regularisation scheme. The main advantage is that since no
explicit use of a regulator is made, one can in principle avoid undesirable symmetry
violations related to its choice. The divergent amplitudes are split into basic diver-
gent integrals which depend only on the loop momenta and finite integrals. The
former can be absorbed by a renormalisation procedure whereas the latter can be
evaluated without restrictions. We illustrate with the calculation of the QED and
ϕ44-theory β-function to one and two-loop order, respectively.
PACS: 11.10.Gh, 12.38 Bx.
In dealing with ultraviolet divergences in perturbative calculations of Quantum Field
Theories (QFT), one is led to adopt a regularisation scheme (RS) to handle the divergent
integrals. A vast arsenal of such schemes is presently available, viz. Dimensional Regu-
larisation (DR), Pauli-Villars (PV), Zeta-function Regularisation, Lattice Regularisation,
etc. . The choice of a particular scheme is generally based on its adequacy to a particular
computational task or compatibility with the underlying theory in the sense of preserving
its vital symmetries. For example, DR is usually employed in particle physics since it
preserves unitarity and gauge invariance. However, care must be exercised in DR when
parity-violating objects (γ5-matrices, ǫµ1...µn tensors) occur in the theory [3]. The proper-
ties of such objects depend very much on the space-time dimension and this clashes with
the idea of analytic continuation on the dimension of the space-time D.
The issue of finding an ambiguity free RS so that the theory in consideration is not
plagued by RS-dependent amplitudes is most important, particularly in chiral and non-
renormalisable models. In the latter, the RS is frequently defined as a part of the model.
Consequently, any parameters introduced by a specific choice must be adjusted phe-
nomenologically [6], [8].
Recently a step in this direction has been taken. A technique was proposed for the
manipulation and calculation of divergent amplitudes in a way that a regularisation need
only to be assumed implicitly [1],[2]. The main idea is to manipulate the integrands of
the divergent amplitudes by means of algebraic identities until the physical content, i.e.
the external momentum dependent part, is isolated and displayed solely in terms of finite
integrals 1. On the other hand, the divergent content is automatically reduced to a set
of basic divergent objects which can be organised according to their degree of divergence.
Throughout this process, it is assumed that the ultraviolet divergent integrals in the
momentum (say, k) are regulated by the multiplication of the integrand by a regularising
function G(k2,Λi), ∫
k
f(k)→
∫
k
f(k)G(k2,Λ2i ) ≡
∫
Λ
k
f(k) , (1)
∫
k ≡
∫
d4k/((2π)4) and Λi are the parameters of a distribution G whose behaviour for
large k renders the integral finite.
One important feature of DR in what concerns ambiguities is related to the various
possible choices for the momentum routing in amplitudes involving loops. In this case
there are correspondly as many amplitudes which, in principle, can be brought to the
same form by adequate shifts in the integration variable. Whilst such shifts are permitted
in DR, for a 4-D regularisation, if one effects a shift in the integration variable, there
should be a compensation by surface terms as it is well known. This is precisely the
origin of certain ambiguities and symmetry violations in many models of physical interest
[8]. Hence the question of how one should proceed in situations beyond the scope of
DR immediately arises. In this sense, it was shown in [1] that the same consistency as
exhibited by DR regarding the momentum routing in the divergent integrals could be
achieved in 4-D regularisations provided that a set of Consistency Relations (CR) which
1The philosophy is somewhat close in spirit to the BPHZ procedure [10] where a Taylor expansion
is made around a fixed value of the physical momentum. In our approach any identity which allows
the amplitude to be written in the desired form may be used (also Taylor expansion). In the case of
amplitudes with different masses the two philosophies become rather different as it was illustrated in [2].
1
involve integrals of the same degree of divergence were established, namely
∫
Λ
k
24kµkνkαkβ
(k2 −m2)4
= (gαβgµν + gαµgνβ + gανgµβ)I
Λ
log(m
2) (2)
∫
Λ
k
2kµkν
(k2 −m2)2
= gµνI
Λ
quad(m
2) (3)
∫
Λ
k
4kµkν
(k2 −m2)3
= gµνI
Λ
log(m
2) , (4)
where
IΛlog(m
2) ≡
∫
Λ
k
1
(k2 −m2)2
, (5)
IΛquad(m
2) ≡
∫
Λ
k
1
(k2 −m2)
. (6)
The CR above are readily satisfied within the context of DR. It was also shown in [1]
that such CR can be obtained by demanding the Green’s functions of the theory to be
translational invariant. In [2] the CR were proved to be the main ingredient in order
to obtain unambiguous and symmetry preserving amplitudes in the (gauged) Nambu-
Jona-Lasinio model and thus solving a long standing problem which has threatened its
reliability. It is important to stress that the procedure adopted makes use solely of general
properties of the regulator G in (1) avoiding an explicit form.
In this letter we consider the CR as the minimal consistency conditions for 4-D reg-
ularisations as a starting point. Then we show that although an explicit construction of
regularising functions that fulfill the CR can be made [1], one need not to do so. Instead,
an “implicit regulator” is assumed and serves the purpose of mathematically justifying
the algebraic steps in the integrands of the divergent integrals. In the context of renor-
malisable theories such as QED and ϕ4-theory (to one and two loop order, respectively),
we show that a renormalisation procedure in which the basic divergent integrals are ab-
sorbed in the counterterms can be effected. This is an important check for applications in
the so called (super)renormalisable models [7]. We illustrate with the calculation of the
renormalisation group β-function.
The advantages of our formulation reside in the fact that it provides a consistent RS
which preserves important features of DR yet being applicable where DR fails. Besides,
the physical content of the amplitudes will be displayed in terms of finite integrals only.
This is of great value from the phenomenological standpoint since regularisation prescrip-
tions usually modify the external momentum dependence and introduce non-physical
behaviour such as unitarity violation and unphysical thresholds. From the aesthetical
standpoint, it constitutes in a direct and economical RS that makes use solely of general
properties of the basic divergencies for which a regularisation needs only implicitly to be
assumed.
We start with the calculation of the QED β-function to one loop order. The renor-
malisation constants for the photon field, electron field, charge and mass are defined as
usual [5], viz. Aµ0 = Z
1/2
3 A
µ, Ψ0 = Z
1/2
2 Ψ, e0 = Z1/(Z2Z
1/2
3 )e, me0 = (Z0/Z2)me, with
2
Z1/Z2 = 1, as required by gauge invariance. The Callan-Symanzik β-function can be
written as [5]:
βQED = e
∂[lnZ
1/2
3 (e0,Λ/m)]
∂ ln Λ
. (7)
The renormalisation constant Z3 is calculated from the one loop correction to the photon
propagator namely the vacuum polarisation tensor Πµν(q) whose amplitude reads
iΠµν(q) = −e
2
∫
Λ
k
Tr[γν(γ
ρkρ − γ
ρqρ +me)γµ(γ
ρkρ +me)][
(k − q)2 −m2e
]
(k2 −m2e)
+
+ (Z3 − 1)(qµqν − q
2gµν) , (8)
where the last term on the RHS of (8) is the counterterm needed to absorb the divergence
coming from the first to one loop order. Using the algebra of the Dirac matrices and trace
identities we find
iΠµν(q) = −4e
2{2IΛµν(m
2
e, q
2)− 2IΛµ (m
2
e, q
2)qν −
1
2
gµν [I
Λ
quad(m
2
e) + I¯
Λ(m2e, q
2)
+ q2IΛ(m2e, q
2)]}+ (Z3 − 1)(qµqν − q
2gµν) , (9)
where
IΛµν(m
2
e, q
2) =
∫
Λ
k
kµkν[
(k − q)2 −m2e
]
(k2 −m2e)
, (10)
IΛµ (m
2
e, q
2) =
∫
Λ
k
kµ[
(k − q)2 −m2e
]
(k2 −m2e)
, (11)
IΛ(m2e, q
2) =
∫
Λ
k
1[
(k − q)2 −m2e
]
(k2 −m2e)
, (12)
I¯Λ(m2e, q
2) =
∫
Λ
k
1[
(k − q)2 −m2e
] . (13)
Now we proceed to reorganise (9) until it is reduced to (basic) divergent integrals that
depend only on the loop momenta. As a matter of illustration let us take (13). By using
repeatedly one (possible) convenient algebraic identity at the level of the integrand,
1
[(k − q)2 −m2e]
=
1
(k2 −m2e)
−
q2 − 2(k · q)
(k2 −m2e)[(k − q)
2 −m2e]
, (14)
until the divergent integrals carry no dependence on the external momentum q, enables
us to cast (13) as
∫
Λ
k
1[
(k − q)2 −m2e
] = IΛquad(m2e)− q2IΛlog(m2e) + qµqν
∫
Λ
k
4kµkν
(k2 −m2e)
3
+
+
∫
k
q4
(k2 −m2e)
3
−
∫
k
(q2 − 2q · k)2
(k2 −m2e)
2[(k − q)2 −m2e]
. (15)
The last two integrals above are finite and a calculation shows that they cancel each other,
whereas the CR (4) can be used to reduce (15) to IΛquad(m
2
e), as we expected. A similar
3
procedure can be employed in the other divergent integrals (10)-(12) using the CR (2)-(4)
and yields, after a few algebra:
iΠµν = (qµqν − q
2gµν)
{
−
4
3(4π)2
e2
[
q2
q2 + 2m2e
Z˜(m2e, q
2) +
1
3
]
−
4
3
ie2IΛlog(m
2
e) + (Z3 − 1)
}
,
(16)
where we defined
Z˜(m2, q2) =
∫
1
0
dz ln
(q2z(1− z)−m2
−m2
)
, (17)
z being a Feynman parameter. Finally we may choose the renormalisation constant such
that
(Z3 − 1) =
4
3
ie2IΛlog(m
2
e) , (18)
which, in this case, amounts to a subtraction at q = 0. Before proceeding to the calculation
of the β-function, let us analyse the ϕ44-theory to two-loop order.
The ϕ4
4
-theory bare Lagrangian may written in terms of the renormalised parameters
as
L0 = LR + L
CT
R =
1
2
(∂µϕ)
2 −
1
2
m2ϕ2 −
g
4!
ϕ4 +
A
2
(∂µϕ)
2 −
B
2
m2ϕ2 −
gC
4!
ϕ4 , (19)
where the set of variables ϕ, m, g are related to the bare variables via the renormalisation
constants as ϕ0 = Z
1/2
φ ϕ, m
2
0 = Zmm
2, g0 = Zgg and Zφ = 1 + A, ZmZφ = 1 + B,
ZgZ
2
ϕ = 1 + C. Then A, B and C are thought to have a series expansion in g, A =∑
∞
n=1 ang
n, etc., and define the counterterms which cancel the infinities that emerge from
the diagrammatic expansion of the theory. Let us start with the one loop divergencies
represented by the “tadpole” and the “fish” diagrams (figs.1(a) and 1(d)).
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Figure 1: ϕ4-theory. Diagrams contributing to the 2 and 4-point functions to 2-loop order
The Feynman rules applied to these diagrams, including the corresponding symmetry
factors, together with (5) and (6), yield
− iAa =
(−ig)
2
∫
k
i
k2 −m2
=
g
2
IΛquad(m
2) , (20)
−iAd =
(−ig)2
2
∫
k
i2
(k2 −m2)2[(p− k)2 −m2]
(21)
=
g2
2
(
3IΛlog(m
2)− b [Z˜(m2, s) + s→ t+ s→ u]
)
, (22)
4
where p2 = (s, t, u) are the usual Mandelstam variables, b = i/(4π)2 and Z˜(m2, s) is
defined as in (17) .
In order to exhibit the divergences exclusively as a function of the internal momentum
(as we did in (22)) we make use of the identity (14) in a similar fashion as it was done for
QED. Hence we may choose as counterterms
b1 = −
i
2
IΛquad(m
2)
m2
, c1 = −
3i
2
IΛlog(m
2) (23)
whilst a1 = 0. Now we proceed to 2-loop order. As it is well known, the 1-loop coun-
terterms must be taken to higher orders to cancel the divergencies of the corresponding
subdiagrams. The “double-scoop” diagram (fig.1b) represents the amplitude
− iAb =
(−ig)2
4
∫
k,l
i3
(k2 −m2)2(l2 −m2)
=
ig2
4
IΛquad(m
2)IΛlog(m
2) (24)
Now we must take into account the counterterm diagrams represented in fig.2. The
X
+ +
(a) (b) (c)
Figure 2: Counterterm diagrams for the “double-scoop”
first two correspond to the mass and vertex counterterms, respectively. The third is the
counterterm associated with diagram 2(b) which exactly cancels it. The sum of all the
contributions vanish, as they should, since the “double scoop” diagram does not depend
on the external momentum and hence it generates a purely divergent contribution.
Since the integration over the internal loop momenta k and l factorise, the 2-loop
scaterring amplitude depicted in fig.1(f) can be written as
− iAf =
ig3
4
(∫
k
1
(k2 −m2)[(k − q)2 −m2]
)2
=
ig3
4
(
IΛlog(m
2)− bZ˜(m2, q2)
)2
. (25)
It is easy to see that the crossed term in (25) is exactly cancelled by the 1-loop counterterm
associated with the graph 1(f). Consequently this graph gives rise to a new counterterm
c2 proportional to (I
Λ
log(m
2))2.
Now, since the 1-loop mass counterterm cancels out graph 1(e), the only other contri-
bution to c2 comes from graph 1(g):
− iAg =
(−ig)3
4
∫
k,l
i4
(k2 −m2)(l2 −m2)[(p− k)2 −m2][(k + l − p4)2 −m2]
, (26)
p2 = (s, t, u). Notice, however, that the loop integrations do not factorise (overlapping
divergence). Within our strategy, we expect to be able to define other objects than (5)
and (6). Thus we manipulate (26) using (14) repeatedly to finally obtain
− iAg =
ig3
4
(
3I◦Λlog(m
2) + Ffin(pi, p
2)
)
, (27)
I◦Λlog(m
2) ≡
∫
Λ
k,l
1
(k2 −m2)2[(k + l)2 −m2](l2 −m2)
, (28)
5
where Ffin(pi, p
2) is a finite function of the external momenta pi, p
2 and (28) is our new
basic (logarithmically) divergent object. So we can write
c2 =
3
4
(
(IΛlog(m
2))2 + I◦Λlog(m
2)
)
. (29)
We are now left with the “setting sun” diagram depicted in fig.1(c) whose contribution
to the 2-point function is given by
− iAc =
(−ig)2
6
∫
k,q
i3
(k2 −m2)[(p+ q − k)2 −m2](q2 −m2)
. (30)
Again the loop integrations do not factorise. Notwithstanding, a recursive use of relation
(14) together with the CR (4) enable us to expand (30) and write, after some algebra,
Ac = −
g2
6
I◦Λquad(m
2) +
g2b
12
p2IΛlog(m
2) + g2Gfinite(p
2) (31)
I◦Λquad =
∫
Λ
k,l
1
(k2 −m2)(l2 −m2)[(l − k)2 −m2]
, (32)
where (32) is another basic divergent object with overlapping quadratic divergence. Hence
we have the two remaining counterterms, namely
a2 =
b
12
IΛlog(m
2) , b2 =
1
6
I◦Λquad(m
2)
m2
. (33)
Having obtained our basic divergent objects to 2-loop order, some of their properties
will be useful. They can be related to each other in a simple fashion. By differentiating
these objects with respect to (squared) mass one makes them more convergent. It can be
seen from (5), (6), (28) and (32) that
∂IΛlog(m
2)
∂m2
=
−b
m2
,
∂IΛquad(m
2)
∂m2
= IΛlog(m
2) ,
∂I◦Λlog(m
2)
∂m2
=
η
m2
,
∂I◦Λquad(m
2)
∂m2
= 3I◦Λlog(m
2) ,
(34)
(η = −1/(96π4)).
To test our results we can calculate the β-function to O(h¯2). In this case the β-function
can be written as
βϕ4 = −g
∂[ln Z¯(g0,Λ/m)]
∂ ln Λ
, (35)
where Z¯ = Z−1g Z
2
ϕ.
It follows from dimensional analysis that the argument of our logarithmically divergent
objects is m2/Λ2. Using the counterterms a1, a2, c1 and c2 which we have calculated and
the relations (34), we obtain the two first well-known coefficients of the ϕ44-theory β-
function:
βϕ4 =
3
16π2
g2 −
17
768π4
g3 . (36)
Similarly the β-function of QED can be calculated using (7), (18) and (34) to give the
well-known result:
βQED = e
3/(12π2) . (37)
6
To conclude: We have tested an implicit regularisation scheme by calculating the
renormalisation group β-function. Its main ingredient is a set of Consistency Relations
which relate integrals of the same degree of divergence (2), (3), (4). Since we do not
resort to a specific regulator, we believe that it can be a useful tool to revisit relevant
ambiguity problems regarding RS choice in both renormalisable and non-renormalisable
4-D QFT. Although we have presented a 4-D formulation, this framework can be extended
to arbitrary dimensions. In particular, in 3-D it can be useful to deal with RS ambiguities
in the Chern-Simons-Matter models [7], [9].
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